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A paper should contain a short and clear summar; of the new re* 
suits obtained and the relations in which they stand to results already 
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matical research, hardly any paper is likely to be so completely original 
as to be independent of earlier work in tbe same direction; and that 
readers are often helped to appreciate the importance of a new invesliga' 
tion by seeing its connection with more familiar results. 

The principal results of a paper should, when possible, be enunciated 
separately and explicitly in tbe form of definite theorems. 
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separate slips- 
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Enquiries by intending members of the Society and all other commnni* 
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PROGRESS REPORT. 

The followiog geutlt-meD have been admitted as members of the 
Society:— 

N. Suodaram Aiyer, Esq., Assistant Professor of Matbe* 
matics, St. Joseph’s College, Trichioopoly ; 

V. Raghavachiriar, E^q., m.a., Professor of Mathematics, St. 
Joseph’s College, Trichioopoly ; , 

P. Krishnamachary, Esq., u.a., l.t„ Assistant Lecturer in ‘ 
Mathematioe, Ceded Districts College, Anantapur. 

The following note taken from “ Science,” Vol. LIV. No. 1402, 
p. 456, is inserted here to give our members an idea of the mathematical 
activities in America aud of the interest taken by the general public of 
that great Country in Mathematical Research :— 

” As Trustee of the Edward C. Hegeler Trust Fund, Mrs. Mary Hegeler 
Cams, of La Salle, Illinote, recently promised to make the Mathematical 
Association of America a yearly contribution of twelve hundred dollars for 
five years to be used for the publication of mathematical monographs 
under the auspices of this Association. As is well-known the publication 
of scientific literature has been much hampered in recent years by the 
greatly increased cost of publication. Hence this gift is especially timely 
and noteworthy. 

The letter confirming this gift was addressed to Professor Slaught, of 
the University of Chicago, and includes the following significant stotp. 
ment:— 

If at the end of five years this project shall have proved succpssful 
it is my intentnm to then give to the Association a permanent endow¬ 
ment fund, and 1 will HO direct my legal representatives, which will 
yield at least twi lve hundred dollars annually. 
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As the great succesa of the project Beems practically essnred in view 
of the wide and deepiotereefe already manifested therein on the part of 
leading mathematiciane, the Mathematical ABsocialion of America seems 
to have good reasons for expecting a sabsfantial permanent endowment 
to aid it in the furtherance of its great cause of improving collegiate 
mathematics. 

There are now three national mathemetical organizations in America. 
The oldest of these is the American Mathematical Society, which was 
organized in 1888 as the New York Mathematical Society, but was re¬ 
organized about six years later under its present name. This Society devotes 
most of its energies to mathematical research, and, to farther this cause, 
Professor L. L. Oonant, who died in 1916, bequeathed to it ten thousand 
dollars, subject to Mrs. Conant’s life interest, the income of which is to 
be offered once in five years as a prize for original work in pure 
mathematics. 

The Mathematical Association of America was organized in 1915 
with a view towards supplemeniiog the work of the American Mathe¬ 
matical Society along the line of collegiate teaching. It has always colla¬ 
borated with the Society holding joint meetings with it and having a 
. large comujon membership. The gift announced above will ra.ike it pos¬ 
sible to collaborate still more effectively in promoting the interests of 
Advanced Mathematics in this ooantry. The National Council of Teachers 
of Mathematics, organized in 1920, is mainly devoted to the interests of 
the teaching of Secondary Mathematics and hence represents more dis- 
tiijcdy a separate fiold, but it too has already begun to cc-operate with the 
'Mathematical Association of America, 

The latter organization took steps several years ago towards the 
publication of a modern mathematical dictionary and has a standing 
committee on this sobject. It has, however, not yet been able to push this 
laudable enterprise on account of lack of funds. The difficulty of such a 
work is increased by the fact (hat at present there exists no good mathe¬ 
matical dictionary in any language, and hence most, of the material for 
such a work has to be collected from original sources,*’ 

18, PvCROtVs RoAn,| P. V. SESHU ATYAR, 

TiiiCLiCANe, Madrab.) nommry Joint fiecretary. 
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A STATISTICAL STUDY OP SOME 
EXAMINATION MARKS* 

Bt P. V. SassD Ayyar and S. K. Ranganathan. 


INTRODUCTORY. 

For some time past, it bae seemed to the authors that much valuable 
informatioD, regardiog certain problems connected with public examina¬ 
tions conducted on a large scale, might possiblj be obtained by etatistical 
investigations of the results of these oxamioations and their formulation 
in the shape of ready-made rules for tackling such problems. 

It is well-known that, with all the care that is bestowed upon it, the 
standard of the question paper is not. the same from year to year, neither 
can the valuation of answers be regarded as standardised. It is therefore 
very desirable, that some method must be found to make due allowance for 
these unavoidable variations (in standards) so that candidates may not 
suffer and the value of the examination as a test of fitness may remain 
steady. 

Further, from the pedagogical standpoint, it would be of interest to 
get some quantitative measure of the correlation of the candidates' attain¬ 
ments in the varioos subjects. 

With a view to throw some light upon these and similar problems 
the authors have taken up the present statistical study of the marks 
obtained by candidates in successive years in a certain public examination 
in the Madras Presidency. 


MATERIAL AND METHOD. 

The material on which this study is based is taken from the register 
of the marks assigned in a certain public examination in English, Mathe- 
matics. Physics, Chemistry and History in six cooeeculive years. Since 

tho number of candidates was large, the authors have considered only the 

marks of the first 500 candidates, which may well be taken to be a satis 
factory random sample. 


n he oaloulat.ou of the oonetante, G. p, Hatdj’e eummatioo method 
of oaloulaf g the momeote has bean used. Since the correlalione con- 
eidered are all pract.cally linear, the correlation co-elEoient has been found 
by the usual product-momeot formula of Karl Pearson. 


Ihe inlervale employed for grouping the marks cover a range of 6 
marks, and the end , o f mte rral a are s o chosen that the minimum for a 


• Read before tbe ludiao Science Oongress, 192'2. 
Prof. E. B. Ross of the Madras Christian College 
toggestlons. 


The authors are indebted to 
for valuable criticisms and 



pass m each of the aubjeoU falla in the centre of eaoh interval. Hence any 
moderation, that might have been made by the examioers in the 
neighbourhood of the minimum, will not have any effect on the main 
results of the iQvestigatiooa 

The tables which form the basis of this study are 42 in number. 
For want of space, Tables Hos. 35 and 42 alone are given here as samples. 
They show the correlationa of the attainments of the candidates of the 
5th year m Physics and Chemistry and those of the 6th year in English and 
History. ® 

SAUtFtiB TABLBS : 

5th Tear. Correlation-Table No. 35. 


Physics. 


Marks 


13—17 


18—22 


23—27 


•28- 32 


33-37 


38—42 


43—47 


48—52 


53—57 


68—62 


63—67 


68—72 


73—77 


Total. 
















































































































Eoglifib. 
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6tb Tear. Correlation-Table No. 42. 


History. 


Mark's. 

1 

cc 

1 

T 

cc 

C4 

1 

00 

1 

1 

CO 

CC 

1 

00 

TO 

1 

CO 

1 

CO 

1 

CO 

! 

CO 

1 

CO 

lO 

OJ 

1 i 

CO i 

1 

CO 

CO 

• 

hJ 

H 

O 

13—17 



2 

1 




i 




1 

1 

3 

18-22 


1 

5 

6 

1 

7 

5 

1 

2 




1 

27 

23—27 

1 

2 

7 

1 

14 

12 

12 

17 

pm 

» 

4 




76 

28—32 


4 

3 

10 

22 

44 

31 

17 

2 

1 

1 


135 

33-37 



3 

: 6 

16 

31 

35 

, 36 1 

i 

9 


1 

1 

136 

38-42 

1 


1 

1 

1 

10 

1 

23 

41 

44 

1 

17 

8 

1 


146 

43—47 


1 

1 

i 

1 

^ 6 

1 

13 

19 

20 

10 

7 

5 

1 

82 

48-52 



1 

1 



1 

1 3 

8 

9 

3 

1 


25 

53—57 


1 

1 


4 

2 


2 

2 

2 

2 


' 10 

58—62 


! 

1 

1 


1 



1 

1 


1 


3 

63-67 



1 

1 

1 





1 




1 

1 

68-72 


1 

1 _ 







1 




1 1 

Total. 

1 

1 ^ 

21 

38 

73 

131 

147 

1 

137 

55 

21 

11 

1 

: 645 


FREQUENCY CURVES. 


The freqoeucy curves obtaioed poesess euiull tkewuess in almost all 
cases. The skewoese doee cot exceed *25 in auy of the cases con¬ 
sidered. Values less than • I are more frequeut. The ciiterioc x of Karl 
Pearson also has small aumerical values. (It is frequently negative). The 
Pearsonian curves of Types 1 and IV are among those that give the best 
ht to the frequency curves. Type IV is of more frequent use. A few 
typical curves are shown in Figures 1 (a) and 1 (6). 

RESULTS. 

The main constants—the Median, the Mean, and the Standard 
Deviation (reduced to a maximum of 100)—for the various years and sub¬ 
jects are tabulated here. They are also represented graphically in 
tigs. II and III. As may bo expected, the Standard Deviation is more 
stable than the Mean. 
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TABLE I. 



Year. 

Median. 

Mean. 

t 

Std. Devn. 


1 

38’1 

887 

9'15 

• 

2 

397 

40*4 

9*83 

<D 

3 

38-9 

397 

9*16 

'3c 

a 

4 

42*3 

43-2 

10-15 

H 

5 

37-3 

37*3 

9‘43 


6 

1 

35-8 

86*3 

8*31 


1 

34'6 

85-3 

13*67 

09 

2 

42-4 

43*6 

13*22 


a 

. 42 2 

438 

12*89 


4 

39-6 

407 

12*32 

S 

5 

45-3 

46'3 

13*65 


6 

37-0 

39-0 

13*64 


1 

40*1 

40*6 

1 

14*43 

# 

2 

41-7 

41-4 

11*12 

o 

Q 

3 

44-8 

4V9 

11*65 

_rt 

4 

36*0 

36-4 

11'57 

pH 

5 

3o'l 

36*5 

11*06 


6 

411 

417 

12*07 

• 

1 

1 » ♦ 

36*8 

14*34 

u 

2 

427 

42*8 

12*10 

O) 

3 

40-5 

41>6 

11*83 

8 

4 

41‘0 

41*2 

12*92 


5 

37*9 

38-4 

13*69 

O 

t> 

36-8 

357 

10*12 


1 

37*1 

37-5 

7*95 

• 

2 

34-6 

34*3 

7*61 

u 

O 

3 

40-3 

40‘9 

9*93 


4 

39-5 

40*3 

8*84 

s 

6 

37*0 

36-4 

8*29 

6 

39'2 

38-8 

8*96 


DISCUSSION OP THE RESULTS. 


I. ADJUSTMENT OP THE MINIMUM. 


It DOW remaios to cooeider certaio very importaot problema euggeated 
by the numbers given in the foregoing Tabies. Figs. II and III 
bring out prominently the ductuations in the Mean and in the Standard 
Deviation of the marks. These lluctuations cannot be due to ** probable 
error ” alone. For, from Table V of Karl Pearson’s “ Tables for Biomet- 
ricians and Statisticians,” for the size of the population cooeidered, we get 
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for the probable error of the Mean *03016 times the Standard Deviation and 
for that of the Standard Deviation *02133 timea the Standard Deviation. 
Non. in the cases coosideredi the Staodard Deviation does not exceed 14*5. 
Hence, we get for the greatest possible probable error *42 in the case of 
the Mean and *31 in the case of the Staodard Deviation. But, the aotnal 
Actuations are coosiderablj beyond these limits. Hence, we have to 
conclude that they may be considered as real fluctuations. 

On the other hand, it can be assumed as a very convenient and highly 
reasonable hypothesis, that the average iotelligeoce as well as the dieper* 
sion of the intelligence of the candidates as measured respectively by the 
Mean and the Standard Deviation of the marks in the several subjects, will 
be constant from year to year. For, if the observed fluctuations in (be Mean 
and the Standard Daviaiion are due to variations in the average intelligence, 
they will be similar in the various subjects. Bu^, the Figs. II and III indicate 
no such similarity. Hence, these fluctuations can be attributed mainly to 
fluctuations in the standard of the examination as determined by the diflloalty 
of the question papers, the stringency of the marking, etc. 

It may be urged that these fluctuations may also be due to sudden changes 
in the efSciency of scbool-irainiog, due to change in the Regulations. Then, 
the preparation of candidates and the examination papers have to fit one ano¬ 
ther as a key fits a lock. Whether this fact can explain the fluctuations to a 
large extent, can be finally decided only by carrying on tbo investigation for 
a further period of, say, 5 or 6 years preceding and succeeding the year in 
which the changes in the regolationa were introduced. 


Now in order that the worth of the candidates may be judged, from 
year to year, by an equitable and uniform standard, it is highly desirable 
that suitable adjustments of the marks of the candidates should be made 

T" Devi,.,ion 

valne, IT ■**""*'' •“ '>*' their normal 

and the Standard Dav.al.on for a number of eonseoutive yeare, as is done 
m meteorological statistics. ’ 


1. The Normal Mean and 
determined by the averages for the 
reference. 


the Normal S'andard Deviation, ns 
etx years considered are given here for 


table II. 


Year. 

Normal Mean 

English. 

39-3 ; 

— .-I 

Mathematics. 

Physics. 

Chemistry. 

[History 

41-5 

1 

40*3 

39*1 

1 

38-0 

Normal 8td. D,»vn. 

1 9-26 ) 13 . 2 a 

11*98 1 

_ nj) ! 

8 'RO 
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[Kote. —If the marks of the caodidates are entered in their oerti^- 
cates, a better plan will be to enter the adjusted marks instead of the 
actual marks. In practice, the actual marks are entered side by side with 
the Mean. Entering the Mean also is no donbt an iraprovement. But still, 
this is not sufficient for two reasons: (1) the adjustment due to the 
flnctuation in standard derialion is omitted ; (2) there is a tendency in 
the layman to judge a candidate by the mark that is entered as earned by 
him) without comparing it with the Moan that is entered by its side. 
Perhaps a simple illustration will make this clear. Suppose in a certain 
year the Mean is 46 and a candidate earns 40. And in another year the Mean 
is 33 and a candidate earns 36, There is, we believe, a tendency in the 
public to be carried away by the fact that 40 is greater than 36 and conclude 
that the first candidate is better than the second, which is not true. At 
any rate, it can be said that it would be much safer to enter the adjusted 
mark instead of ihe Mean^ and it would not involve a prohibitive amount of 
work.] 

In the case of the examinations, where marks are not entered in the 
certificate it is not necessary in practice to make the adjustments in the 
marks of each candidate. Since the candidates are generally divided into 
three classes, namely, the first class containing those that get, say, 60 per 
cent, of the marks, the second class containing those that get an ordinary 
pass, and the third class containing the failures, and since the really serious 
question (except perhaps in the case of the top-men) is into what class a 
particular candidate falls and not so much what his rank is in that class, it 
would be suPBci mt if the minima for the first class aod the second class are 

suitably adjusted. 

The adjustment of the minimum for a pass is discussed here in detail. 
The minimum for a first cUss may he similarly sdjusted. Let us take, as 
an illiistiation. the case of English. The minimum prescribsd fora pass is 
40 per cent. Now, it would be equitable to insist every year upon a 
candidate getting 40 per cent., only if the mean and the standard 
deviation of the marks contione to be the same from year to year. , 
however, they deviate, in any pirticular year, from their normal values, as 
they do in practice, the equitable, minimum must be fixed a little higher or 
lower as the case may be. Thus, take the 6th year out of the years considered 
hv us. The actual mean in that year is 36*3; but the normal mean is seen from 

Table II to be 39*3 We have assumed the average intelligence to be constant 

from year to year, and so this deviation of 3 from the normal may be taken as 
duo to the overetrictness of the eiaminatioo that year. Since the average 

candidate has been given 3 marks less in this year, we must reduce the 

minimum for a pass also proportionately. The minimum and the nor- 
mal mean are practically the same, and as a result of this adjustment the 
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miuimam should be brought down from 40 to 37< Further the normal 
dispersion of the marks corresponds to a standard deviation of 9 26 where* 
as the actual standard deriatioo in the year is 8*31. This means that 
there has been more than normal crowding about the mean, zV. each 
candidate has been put a bit nearer to the mean, than he ought to be. 
Hence the minimum also should be brought nearer to the mean to the 
same extent. Hence the distance of the reduced minimum, viz. 37 from 
the actual mean must be decreased in the ratio of 8‘31 to 9'26, which 
gives, as the dnal adjusted minimum, 36‘93 per cent. 

A similar adjastmeot in Chemistry in the 6th year would bring 
the minimum from 35 per cent, to 32*38 per cent, and in the case of 
mathematics in the 5lb year the mlnimom would be raised from 35 to 
39*60 per cent. 

The working rule for the adjustment of the minimnm may be enun* 
ciated as follows :— 


Addihe excess {or proportionate excess if the normal mean is not very near 
the minimtitn) of the actual mean truer the normal mean to the pre¬ 
scribed minimum. Increase the distance of this result from the actual 
mean vi the ratio of the actual standard deviation to the normal stem- 
darddeviation. Instead of adding the excess of the actual mean to the 
minimum, we may also increase the minimum in the ratio of the actual 
mean to the Dormf.1 mean. There will not be much appreciable differ¬ 
ence between the results got by these two methods, in the cases that 
we are considering, where the normal mean is very near the minimum. 


II. mahoin op probable error. 

Next, we have to consider what margin of probable error must be 
allowed ,n the neighbourhood of the minimum. For. justice requires that 
candidates whose marks are lower than the adjusted minimum by less than 
the probable, error mnat be given the benefit of doubt. 

■ this problem rather folly ond has 

Riven the ollcw.og results as bis considered opinion based on several in- 
quiries and eaperiinents conducted witl. the aid of a number of examiners 

In the absence of similar elaborate investigations pertaining to Indian 
conditions, vie are jnstided in adopting his result" ® 

--.-a and 


( 1 ) iinnnnnn, sensMe : Error due to the difference of perception o 

excollecce ivbo.-e ntagni.nde varies „ith the subject, being ^ i 
Mathematics an.l perhaps g reates, in Composition,” .■ Whet subL. 

^ . Vide : Jo,,rnal of Ik, Royal Slotntical SocUi,. ,S3S. 
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are for the most part of the sirapler sort, it will perhaps be saffident 
to allow for this source of uDceptaiDtj a probable error of 5 per oeot. 
oD the mark for each answer.’* We may take it that Mathematics is 
a eubjeot “ of the simpler sort.” In the case of the other snbjects, 
the error due to this cause is bound (o be higher. Properly speaking 
we must determine it by actual experiment for each subject. It is 
obserred that in a subject, in which we expect this error to be great, 
the standard deyiation is smaller. We have taken 7 per cent, as the 
error in Physics and Chemistry and 10 per cent, as the error io 
English and History. 


(ii) ptfsonal equation : 10 per cent, on the mark of each answer.” 

(Ui) in the scale adopted by the several assistant examiners \ 

“4‘5 per cent, for each paper.” 

(iv) fatigue of the examiner : “ 1*5 per cent, for each paper.” 

(y) speed of valuation : ” 26 per cent, on the mark of each question.” 

To find the aggregate error in each subject due to all tbese causes, ns 
have to take into consideration (i) the number of papers in the subject, and 
(li) the most probable number of questions, in each paper, that will be 
attempted by the candidates who are in the border line beiweeo pass and 
failure. This has to be decided only by the experience of examiners. We 
have made the following assumptions for the examination, the results of 

5 out of 7 questions. 

4 out of 5 „ 

3 out of 3 „ 

3 out of 3 „ 

15 

5 out of 7 or 8 questions, 

5 out nf 6 questions. 

4 out of 5 questions. 

5 out of 5 questions. 

Od this assumption, and neglecting the error doe to speed, we get by 
the usual formula,* for the aggregate probable error due to all these 
causes, the following percentage of the marks earned by a border hoe 
candidate:— 

• (1) If A is the p.e. in valuing 1 question, the p.e, in valuing n qaestions i* 
A 


which we are considering :— 

1 paper 
II 

III 

IV 


English ... 






99 


Total 




Mathematics (two papers) 
Physics 
Chemistry 
History 


tf 


n 


(2) If 18 the error due to one canse^ 
on, the aggregate error is . 


the error due to another cause and 8^ 






rig. in. 

FLUCTUATIONS OF THE STANDARD DEVIATION. 

/ 

I ■ Boglisb. 

— — — Hathematics, 

Fbysica, 

— — — ChemUtry* 

Hietory* 



Year. 
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English. MabhematicB. Physics. Ohemifltry. History. 
4.4 4-8 5-1 5-1 , 6*8 

Going back to the illostration wo hare had already, viz. English and 
Dhemistry in the 6 tb year, the adjusted minima in those subjects, less the 
Drobable error, come to 36 3 per cent, and 30 7 per cent, reepectirely. Oonse- 
juently taking the maximum in these subjects to be 300 and 100 respeotifoly. 
ill those that get 106 in Englieh and 31 in Chemistry must be passed. To 
•ring out the real significance and importance of these two adjustments, it 
nay be mentioned that in the year under coneideration, outof 600 candidates, 
.bout 50 more would ha?e passed in each of the subjects, English and 
Jhemistry if the marks had been moderated as suggested. Taking both the 
ubjeots together, about 30 more would have passed. If the adjuetment were 
lade in fhe other subjects also, there would no doubt be some more addU 
ion to the number of passes. 


In the above calculation of the probable error, it has been assumed 
bat the valuation of the papers was done very leieurely without allowing 
my error due to speed to creep in. If, however, this assumption is not 
enable, we must make allowance for speed also, that would still further 
ncrease the margin of probable error. The percentage in English, for 
example, works out to be 7'8 per cent, of the marks earned by the candidates. 


Besides these errors due to valuation, there is still another error, vtz, 
that due to the iutriusic variation in the performance of the candidate. The 
idea of this is as follows :—Two question papers are adjusted to be identic 
cal in standard so as to produce the same mean and standard deviation* 
A candidate tries both. He will not, even under an ideal system of mark, 
ing, got the same mark in each, if he took a large number of such 
papers, there would be a standard deviation in the marks earned. 


The margin of error that must be allowed for this source has not been 
investigated. 


HI. TBB FIXING OF TDB MINIMUM. 


Then comes the problem of fixing the minimum for a pass. The 
fixing of the minimum appears to be very arbitrary at present. The arbit¬ 
rariness is bronght out by a comparison of the minima in the varioua 
subjects with the respective means. We have the following figures in 
percentages:— 

English, Mathcs, Physics. Chemistry. History. 

Normal Mean 39 3 41 5 40-3 39 1 38 

Minimum ... 40 35 35 35 35 

It may be seen that for a pass less than average intelligence is demand- 
pd in science and history, whereas slightly more than average intelligence is 
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demaDded in Bnglish. To appreciate the effect of this, we have to recollect 
that Table 1 shows that the median practically shadows the mean, t.e, to 
say, roughly about half the candidates get less than the mean mark in 
almost all the subjects. So that fixing the minimum as 40 per cent, in Englub 
postulates the failure of slightly more than 50 per cent, of the candidates, 
Whereas the minimum of 35 per cent, in the other subjects implies the 
failure only of 40 to 25 per cent, in those subjects. Is this difference 
intentional? Is it necessary to maintain it? These questions may well 
engage the attention of the authorities and others interested. 

There is also one other very importaut aspect of this question; an 
inspection of Table I will bring out the fact that the standard deviation 
in English is much lower than in other subjects and consequently also th^ 
frequency curve is very steep in the neighbourhood of the mode, which is 
very near 40 per cent, in most of the years. This means, a greater numberof 
candidates lie in the interval 35 to 40 in the case of EugUsh than in the 
case of the other subjects. Hence if only the same amoont of intelU* 
gence is demanded for a pass in English as in the other subjects, a good 
many more should be transferred to the pass list. 

A proper method will be not to have an arbitrary fixed minimum, but 
to define the minimum to be the mark that is at a proscribed distancs 
from the Mean, since, by assumption, the average iutelligsitce which is 
measured by the Mean is constant from year to year. Now, the question is 
what should be this prescribed distance. In fixing this distance, the fact 
that the median is very close to the mean in those examinations must bs 
taken into consideration. If we fix for the minimum, the Mean, it is 
implied that 50°/o candidates ato to be declared unfit for a pass. 

Unless there is something wrong with our methods of instruction or with 
the nature of the candidates admitted for the courses of instruction, is 
reasonable, or is it necessary to provide, in fixing the minimum, for 50Vo 
of the candidates to be declared as failures ? Fixing the minimum as 5°/o 
above tbe average (or some such thing) will make the position still worse. 
This is a problem that requires careful consideration and full discussion. It 
is also highly controversial inasmuch as the prescribed minimum and the 
average mark may interact upon each other. Further, this method may 
introduce the danger of the backward and inefficient institutions polling 
down the average, unless care is taken to see that only deserving candi¬ 
dates are sent up for the public examination*. Hence, it is necessary ja 
866 that the attendance cercificates are made sametbiog real and this could 
be effected by inspecting the proportion of passes from different instita- 

* !t is meant that whatever may be the method adopted for tbe fixing and ^ 
adjustment of the minimum, the procedure should not be made known to the can . 
dates but should be a confidential instruction to the moderating body, 
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tione and calling for the question papers and the clues tnarka of the worst 
institutions. There ie juet one more remark that may be considered pertinent 
in this connection. The ex irainations of the type considered in this paper 
are not competitive examinations, intended to select the very beet candi¬ 
dates, but are merely the means to give a liable passport to those that have 
profitably undergone a course of instiuotioo, as a token of their possessing 
a certain minimum ability and knowledge. 

IV. COHRELATION. 

Next we pass on to the subject of correlation. 

The following table gives the correlation co-eilicieuts between the 
attainments of the candidates iu the various subjects 

TABIi^l III- 


Tear, 

English 

Matbe. 

Engli»b 

1 

Physics. 

English 

1 

Chem. 

English 

1 

Hist. 

Maths. 

1 

Physics. 

Maths. 

I 

Chem* 

Pbjsicf 

1 

Chem. 

1 

•4188 

■5262 

1 

\ 

•5349 

) 

■7910 ! 

1 

1 

*7220 

2 



•3811 

■4569 

1 

•5603 j 

•5316 

1 1 

■5409 

3 

■2584 

B 

•3970 

•3563 

•62S4 

•5789 

•6085 

4 

•2291 

•3342 

i -4679 i 

1 

•4630 



5918 

5 

•3870 

•3950 

•4339 

‘3983 

■4912 

•64i7 

■6098 

6 

•;<734 

wm 

1 *4914 

1 

1 

■4763 

•5886 ' 



Average. 


' 4.108 


■ 

'59^7 

‘5332 

' 619.4 


r They are shown graphically in Fig. IV. 


V. DISODSSION OF TBE RBSOLTS. 

Figure IV brings out prominentIy;that the correlation ie the greatest 
and must stable between the attainments of the candidates in Physics and 
Chemistry. It is the lowest and least stable in the case of English and 
Mathematics. In general the Science subjects as may be expected are 
found to be better correlated with one another than with English. Of all 
the non-language subjects, History shows the greatest correlation with 
English. The average values of the correlation co-efficients of the various 
subjects with English may be taken to give a quantitative measure of the 
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extent to which the power of expression in good English is necessary in 
the various subjects. Those ueaeuree will be more reliable, if the correlft 
tion between the marks in the various subjects and the marks in English 
Gomposilioo alone are found. It will be of great pedagogic interest to 
have these measures calculated. 

The graphs bring out prominently the Buctuations in the correlation 
oo>elBuierite, The fluciuations are not due merely to random sampling. 
Fur, the probable error in the correlation co-efficient for a population 
of the size considered cannot exceed *03 (as is easily determined by 
the abec on page 19 of Karl Pearson’s Tables. Bat the actnal devia¬ 
tions are considerably beyond these limits. Hence, we have to conclude 
that they are real fluctaatioue. It is rather difficult to explain these rather 
large fluctuations. It is worth iuvestigating the reason and the 8ignifi> 
cance. Again in the brat three years, there has been a systematic fall in 
almost all the correlation co-efficients. The correlations of Mathematics, 
Physics and History with English have undergone a similar decrease in 
these three years. Are they not significant ? Wbat do they indicate P 

Again in the first year, the correlation seems to have been the 
greatest in all the cases. Wbat is this due to? A satisfactory answer to 
these questions requires the calculation of the correlation co-efficients for 
some more years prior to the period considered which calculation we have 
not yet done. 

These are some of the problems suggested by the table of correlation 
co-efficients and they require further study extended to the records of a 
larger number of years. 

In conclusion, we wbule-beartedly endorse the following recommenda¬ 
tions of the Calcutta University Commission :—“A Special Examinations 
Board should be set up in the University. In order to deal with the problems 
of txaminatioDs on a large scale, it will need the services of a skilled statisti¬ 
cian, acquainted with the modern methods of statistics, who should be 
a member of the Board. For, such a Board should also suggest new 
departures and improvements in dealing with the various problems of the 
examination sytsem: such matters as the problems involved in the setting 
of questions, of co-ordinating the marking of a set of assistant examiners, 
and of estimating the unavoidable element of chance in the assignment of 
marks, &c.” * 


• Report o£ the Calcutta Uoiveraity Oommiselon, Vol. V, Obapler XL. 



OorrelatloD coefficieou. 


F{g IV. 

FLUCTUATIONS IN THE CORRELATION COEFFICIENTS. 


I EogUsb 8Dd Matbematicf, 

— — — English aod Pbysice* 

" ~ Eoglisb and Cbemistry. 

~ EDglUb and Hiatcry. 

Matbematica aod Pbyeica, 
Pbyeica aod Cbemiatry. 



Year. 
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DETERMINANTS WHOSE ELEMENTS ARE 

eulbrian» prepared BERNOULLIAN. 

AND OTHER NUMBERS 

By 0. Khibhnauaohart & M. Bhekmabena Kao. 


form 


* 

[The object of this paper ie to fiod the values of determioante of the 


a 

b 

0 


b 
c 
ti 
• • • 

•« • 


c 

d 

e 

• •« 

•• • 


koowD as the * per eymniotra,’ the elements a, 6, c, .•* being Eulerian, pre¬ 
pared BerDoulliao, an.l other apecially dehned numbers. It is believed 
that the values of theee determinanJs have not been obtained by any 
previous writer.] 


§ 1. flotatvm : Wo use the 2 notation throughout this paper in a 
particular sense us explained below. 

We have “1* + 2* + ... + n^. 

Consider the series — (« — 1)2 «» which has {n 1) terms. 


We write 
omitting flower 


2 «n-i = 2 

brackets. 




2{n-l)»2(«»). 


Since 2 «fl-i *= 2 «'i “2 + Oa-n 

2 (n — 0" 2 «• = (» — t)* 2 «“ + 2 (« — ‘O- 2 (« — 0*. 

which is the reduction formula for our notation. 


We can geot^raliee this farther in the form 

2(«-»-l)* 2<o+2)a ... 2(<» + «)* * (a+l»* S(a + 2)2 ... 2(o + n)* 

+ 2«* 2(o + !)• ••• 2(« »■ »-!)■• 

With this notation, it is easily proved that the Eulerian number 

En * 21-* 22^..2«*- * 


In the same way, if we write 

1 . n-f 2 (n-I-1)+ (n + r—1) = 2 (’"i « + »■ — 1) 

and if = (»■—!■) (n + r'-2) 2 (>*.« + '' — *)• 

then 2 Wj_y = 2 « + *■—2) 2 (’'» —U 

= (r—1) (n+r — 2) 2 (r, n+r—1} + 

2 ir—2, n + r — 3) 2 (»* — 1, « + r — 2) 

* This formuU and ^ome iDleiebtiog properti^n of tnese Dombers uro diecusbed 
by tbe authors io a paper od ' Some Properties of Eulerian and Prepared Bernoud. 
Ban Numbers*' commoaicated to the Third Cfi>i/ercnef of the Indian A/uthrmatical 
Sacietj/f Uarcb 1931. 
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Of course contains (r—1) terms, and tke second term abore 

is the sum of (r—2) terms, and the first is Tbie can obviously be 

generalized in the form 

S (o» b) 2 (®+l» b+1) ••• 2 + b + v) 

= a . 6 2 (a+1, b+1) ... 2 (a+r, 6 + r) 

+ 2 (a—1. b—1) 2 («, b)... 2C« + »’—1, b+r—1), 
which is the general formula of reduction. 

With this notation, it is seen that 

b„ = 22'- (22"—1)^. 

= 2 (1,2) 2 (2, 3) ... 2 («-!,«) 

where Ba = the Bernoullian number, that is, bn is the prepared 
Barnoalliao number.* 


In the above reductiuu formulae the integers increase as we proceed 
to the right. 

Similar fortnulm hold in the case of descending integers. Thus 
2 (n — 2)« = la + 2a + ... + (« — 2)*. 
and if 2(» — 2)», 

then 2 P«-a = 2 { «« 2 (« — 2)* > =2 n* 2 (n — 2)a, say. 

We have 

2 ("V 2 («-2)» = 2 v„- 2 =n> 2 (n-2)*+2 («—!)» 2(«-3)a ; 

and BO on. 

The Following particular cases are noteworthy :— 

(i) 2(271 + 1)2 2:'2«-1)V..23* 21* = (2«-f-l)^ (2«—1)*....S».P ; 

(ii) 2(2.v)* 2 (2ti-2)*...2 (22)-(2«)* 2 (2fl-2)2 2(2«-4J»...2{2*) 

+ (2« - l)a (2n —3)»... (1>). 


§ 2. It is well-known that 


sec X 




where is the Bulerian number. 
Differentiating 


..0 x. ta.x-2{E, (1^,} 


• This formula aod some iDterestiog properties of these oumbere are discussed 
b; the authors io a paper on borne Properties of Euleriao and Prepared Bernoul* 
Man Numbers •’ communicated to the Third CoJiference of the Indian Mothtmatical 
Society^ March 1921. 
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Generally, it can be proved by mathematicai inductiort,* that 

(i) (2«)I sec a:, tan*" *=2 { Ef+fi “ 2 (2»—!)■. E(r+j,-ii 

+ 2(2«-i)> 2 (.in-iy e ,+,-2 - +... (1) 

(ii) (2n-{-l)! sec a;. tan'-’’+> x = 2 { — 2 ( 2 n)«. E,.+„-i + 

2 (inY 2 (2n-2)» E ,+,_2 - +... j 

§ 3. We have proved in a paper ou " A Table of Values of Thirty 
Euleriao Numbers ” that the expaneioo of (sec x tan” it) in ascending 
powers of x may be written in the form 

sec z tan-»j>=:(»i)! ( — , + 2(^+1)’* + 

t m! m •t-2 ! ^ 


ajw f-4 

m + 4! 


2(»* + Iji 2(m+2)2 


• t 


(3) 


when m is an integer, 

§4. Now comparing the expansion (1) with (3), we End that the 

co-efficieote of powers of x lower than ® 2 » muat vanish in (1). If we 
denote bv S,. the quantity 2 (2n—l)* 2 (2n—3j* ... 2(2n—2r+l)», we 

tbo 0 obtaio tbe followiofif ^qiaatioos : — 

E„ — + Sa E„_.. — + (—l)« s„ Eo =0 

E„+i —SjB„ + S3 E„-i — 1)>.S„ E, =0 

E« 4 ., — S, B„+, + S En — U" S„ Eo =0 


• • • 


4 •• 


• • « 


• «4 


• •• 


. (4). 


E:i„- 1 ~ S, E^n-a + E ,„_3 — ... + (—I)- s„ E„_, = 0 . J 


* For, assuming the results for values up to 2n and differentiatinff 
(i), we have ** 

(2n+ 1) ! sec *. tan^n+i a: + 2«. (2n) ! eeo x. tan^n-i x 
= 2 { E,^., - 2 (2n—1).. E,+,_i + 

2(2n-l)»2(2n-3)VE,+„.3'_ + ... | 

which gives (ii) for the next higher valee, if we hear in mind lh{[^'~‘’' 
2n. (2„) ! sec it. tan=.-t ^ ^ { E,.,., _ 2 (2„_2)t 

+ 2(2»-2)'2(2n-4)t E,+,_ 3 _+.., > 

«nd 2 {2e) - 2 (2»-2). > (2„). j (2„_2J. + 2 (2„_2). 2 ' ' 

<fcc. &C. 

Similarly for the other case. 

Equating (he co-i-fficients of a;-” m (1) and (3>, 

E-'. - Si El.,., +S..Er,.r - .. + (_1s, E, = ( 2 e !)'. (5) 



Ifow write 


‘in 
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Ee 

IE, 

tat 

E« 

El 

Ba 


E>i+i 

Es 

E 3 

• •• 

Eii+2 

••• 

a • • 


• •• 

E« 

Ea+l 

a •• 

Ea. 


wheDoe 


The above equations easily give (after a little reduction and 
re-arrangement), the relation 

Asn = (2tt!)* . A2«_2, 

A2n = ( 2 n !)2 {2n-2 !)* . (2n— 4 !)« .. (2 !)» 

= {(1.2)''{3.4)''-i(5.6;"-=.,(2»—1.2«)}», (6) 


=5 2304. 
-(4!>*(2 !)•- 


Example. 

j Eo Ej 

E2 ' 

1 1 

1 1 

1 

1 

5 


E, 

1 E2 

E3 


1 

5 

61 


Es 

E, 

B4 


5 

61 

1385 

Also, solving for Sj 

from ( 4 ) and ( 5 ), 

» 



— Sj Asfl = 1 

E„ 

Ea—3 

E »,_3 

• •• 

Eo 

0 



Efl+J En_i 

En -2 

• •• 

El 

0 



1 *** 

• • • 

• •• 

• • • 

• •• 




E-i« 

Esa-s 

E 2 b _3 

»•« 

E„ 

-(2« !)« 

/. S, A 2 n=( 2 n!)*.| 

Eo 

E, 

• • s 


E„_i 




El 

E, 

• tt 


En 




• «• 

B„- 

• • • 

2 En«J 

• •• 

• *• 


• •♦ 

B„'n _3 




Ea 

Ea+i 

• « s 


E2n—1 


[Notice that the row | En-j» E„ 
We thus obtain the resalt 

Eo El E3 ... En-j 

El Ea E3 ... E« 


(7) 




{ is absent in the above.] 


• • • 




En Bfl+l Bn+ 


• es 


«•« 


B2 «—3 
E2n-1 


2n (2«-l)(4«-]J ^ 

6 

(2n-2 !)> (2n-4 !)•.(2 !)». (8) 


Eo 

El 

E 2 


1 

1 5 

El 

E2 

E, 


1 

5 61 

B, 

E 4 

Es 


61 

1385. 50521 


126720 . 


Eo 

Si 


El 

Ea 


• •• 


•«e 


• St 


En-^r^l Eji—ril ••• 


••« 




• • • 


• • • 


E„ 

Eau- 


(2«—2 !j* (2n—4 ! )• 

r2!)‘S,. (9) 


• •• 
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SiDOe S, oaD ba raadily calcalated a-hen r ia given, we thea obtain 
the vaiue^oraoeh determinant, for diflereot e. Thu. wr.t.ng «=3. r = 2. 


and 


E« 

E. 

Ea 

1 

5 

61 

E, 

Ea 

E 4 

= 1 

61 

1385 

ft 

Ba 

E 4 

Bs 

5 

« A « fl 

1385 

j w 

60521 


■n + l 


= (24)-. (2) *.439. 

Ooe case of great iotereet ia that obtained by putting r — n , then 
S,.«S(2«—1)* 2(2n—3)* ... 21* 

a ( 2 * 1 - 1 )* ( 2 n- 3 ’) (2«—; 

and we obtain the equation 

E, Ea ... B„ -(2 !jM 4!)* • ■ (2ti-2 0»... 

Ea Eg ... % + i ' 

. l*.3*.6'...(2n-l)>. (10) 

K ®»+l- ®2«-l 

= (2n—l !)• (2«—3 ... (3 !)• (I !>* 

= [I" . (2 . S)"-* (4 . 5)"-2 ... (2n—2 . 2«—!)»]•. 

Ex, If n =* 3, we have 

I 1 5 61 

' 5 61 1385 = S18, 400 = 2-. 24=*. 3*. 5*. 

61 1385 50521 

§ 6. Equating the co-efficienta of we obtain from (I) and (3) 

+ (-ir 2 (2n-i)* 2 (2«-3)-. .2 (i*).E„ ^, 

« {2n!)> 2(2n+l)* 2(2n+2)» ... 2(2)i+fi)“. (H) 

Hence from (4) and (11), we obtain, 

I Eq El a.I En I 


... E 


R + l 


E„_i E„ ... 

®n + « "• ®2«+8 


= (2n !)> 2 (2n+ 1)* 2 (2 h + 2)- ... 
2(2m + «)*. Aiin-a 


(2r»!)* (2n—2 !)S .. (2,!)2 2(2n+1)* 2(2»+2)* .. 2(2n + i)-. (12) 


Ex. Writing )is=8sb 2, we have 


Eo 

El 

E, 

1 

1 

6 

El 

Ea 

E, 

= 1 

5 

61 

Bi 

Es 

Eq 

1385 

50521 

2702765 


8, 03I» 744. 

=2». (24)». 3486. 
e 2», (24)*. ('X 6» 2 6*). 
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Writing n= 2 , 5=3, we get 


E 


0 

E. 

E, 


£ 


1 


£ 


E, 

Ee 


Es 

E, 


» 1 5 

1 i 61 

j50,52l 2,702,765 199,360,981 
* 647, 907, 840. 

= 2>. (24)» (281, 210) 

= 2*. (24)M2 52 2 63 2V^J 

§ 6. Now considering (2) and comparing it with (3), for m odd, we 
obtain the followiog egaations:— 

E«+i — 1^1. Er ) + Bm-.j— ... + (—1)" hn El = 0] 

E«+2 —Z:, .Er+i + A^ E« — ... +(_l)«ft„E3 =0 
El’n “ ky , E2fl-a + E2«-2 — ... + (—1/' kn E« » 0. 

E^m+i — ky E 2 * 4A, E 2 »-i —... + (—Ij" kn EH+i:=(2n + l !) 2 . (6 . a) 

where k, = 2(2«)* 2',2n—2>» . 2{2n^2r + 2y. 

Without going into details, we may state in particular that we obtain 
(10) and also the persymmetric, 


(4 . a) 


E* 

Eg ... 

'En+l 


Ea 

E 4 ... 


=- [1« (2.3)*‘ 

e«« ee# ••• esi 

» • •• 

X 2 (2») 

lEufi. 

Er+2 ... E 2 n > 


Ex. 

E, E, 


S 61 


E, E* 


61 1385 


i«-l 


• ee 


( 2 «— 2 . 2 «— 1 )»] 2 . 


X 2 (2»)* 2 (2« — 2)» ... 2 2«. (10 . a) 


= 3204 = 68 . (89) 


g /e ne nezi procera lu lu a similar maoc 

determinants ioTolviog the prepared Bernoullian cambers, 
We shall write 


6 n= 2 '*’‘ {2-’'— 


.•-n.-i 


It is well-known that 

tan a ;=2 bn ' 

2n—1! 

Differentiating and transposing 


2 n 


CO 


tan* a:= 2 b 


X-n-2 


n 2n—2 ! 


Differentiating again and using the above 


• • 


2 !tan*« = 2(6 —1.26 ) • 


X 


2 « — 1 


«+I n 2n —] ! 

Proceeding in this manner, we can write down, by induction, that, 

2 r —1 


2n—: 


(2u—2)!tau“ ' = 2 ^-. o'*" ^ j. a 

' 2r—I ! (. r+n—1 r + n—2 r+»—8 

b |... (13) 

n—l r J 


- + (- 1 )" ^ L 
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# 

where L,=2(2«— 3, 2«—2) 2 (2n—5, 2»i—4). .2 l2«—1, 2tt—2r). 

{2tt—1) ! = 2 ^ I 6 — T, & + T.h 

* 2r! 1 r + n r + n—I r4»-2 

+ ( - T b ] (14) 

n—I r+l J 

where Tr= 2 ( 2 n— 2 , 2 « - 1 } 2 ( 2 n—4, 2 «—3)... 2 ( 2 n— 2 r, 27i—2r + 1 ) 
§ 8 . From (13), we obtain the following equations ;— 

Wa-l-c^+i+k*„ L,_, 63 =0 


„_i 


K-i *2 


=0 
= 0 
= 0 


hn—l 2+ ^a^2n—*^n-| K 


(15) 


Hence, we obtain 
61 61 63 ... bn 

h 6.1 ... 6 , 


= ( 2 rt— 1 )! ( 2 «— 2 )! 


• ft • Z* 


. =2«—1 ! 2n-2! 5^ ... 5 


n —1 


••• 


*71 *«+l ‘ 


••• ftft. 




••• ••• ••• 

n—1 ••• ^2n—Z 


-2n- 1! 271—2 ! 2r.—3 ! 27i—4 ! ... 2! 1!, (I6) 


Ex. 6 , 

K 

*s 

1 

2 

16 

*a 

K 


= 2 

16 

272 


*4 

^5 

16 

272 

7£36 


«-34, 660 
= 1. 2. 6 . 24. 120. 

§ 9. Solving for Lr in general, we have, 

I *1 ... 6 __ 


- ‘"-r - i„+, 

V* ^ . 

.. 62n-r_3 *27i-r-.i - &2«-2 


2 n —1 ! 2»—2 


Tbos 


* Lr. 2 «—1 ! 2n—2! ... 2! 1 » 


... 

6 , (>3 ... 

••• t«« 

K-iK 


*71—r—I *n_,.j.i ... b 

b b i, 

n—r *'« —r + 2 ••• ® 


n 

W + 1 


, ••• ••• ft.ft 

2n—r-3 2/i^r^l ••• 2 


Lr (2n—3) I (27i—4)! ... 211 !. (17j 
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Id particular, writiog r — 1, 

h K ■ 

b. 


h 


n—l 


%W 9 
%r 

«•« • • • 
• • • 


K-,K 

*n_l 1 


and 


I^x 


D 


^ 2n—3! 2n—4! 2n—5 ! ... 1! X Lj. 
1 . 2 + 2.3 + ... + {2« — 3) (2n — 2) 
t 2 B—3)(2n-2)(2«-l)/3. 

_ (2n—3) (2n—2j (2n— {2n—3)! (2n-4)!...l !. 

a 


(18) 


§ 10. From (14), we obtain the following eqaatioos— 
-T.6„ +T.6„_, + 


71+I 

6 .. . o — T, h 


+ T. 6 „ 




n—I ^3 






,n^l 


• •» 


n 42 " ''n+l 

••• 

&2.—1 “ *2fi —3 —'^n-l * 7 t 

hn -T. + T«i’a»-2 

= (2n)! (2n — 1)! . 


0 
0 

=0 


^ (19) 


• «« 


( 20 ) 


Hence as before, 

6 j ••• b 

63 


«+l 






• •• 

^ 71+1 ^71 + 2 


‘^71 + 2 

••• 

••• ^ 2 , 


= 2 n! ( 2 »-l)! ( 2 k- 2 ) ! ... 2 ! 1 ! ( 21 ) 


and 


&3 

63 


• •• 


• • > 




• •• 


0„_r %-r-^2 

^71—r+l ^7j—r4 3 




• •• 


« • « 


• • • 


'ti + I 

^71 + 2 


■ « • 


^n+l ^ft+2 "• ^2 n-»-l^2/i-r+l "• **211-11 


Tr. (2b— 2)! (2n -3) ! .. I! 


i ■ • 


( 22 ) 


63 

64 

• •• 


1 

63 

r 

^8 

64 

• •• 

^'n+l 


65 

• • • 

^fi + 2 

= i»-i 

^3 

• •• 







*•* 

e* $ 

• •* 

^n+i 

• » • 

*’«+2 

• •• 

• «* 

• •• 1 

^2«—1 



^+1 

• •• 

'^2«—2 


T f , 2?i—2! 2ti—3! «• 2! . 1! ♦ 

^n —1 


ITo be continued*] 
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mathematics in INDIA-THEN AND NOW- 

By V. Sankaban. 

{Oontxniied from page 2S4. Vol- X112). 

Let os next consider the Tamil work f 

::l-;r’c8) tirT'tte ar 'of dfs^aat a„ia.a.,, (9) a.eaa. 
(10) mrntSy unit., (11) meaauration, (12) lime aad »orl., 

.hip, (14) mixtures, and (16) mi.collaneou. "““P'!'- 0“'?“““'' 

are dealt rri.h a. are likely io be o.eful io the praet.eel “PP'-p”'™^ 

■eienoe, and to life. The .tyle ia popular, and there are few technical 

phrases employed in the exposition of the subjkrCl-matter. 

We shall examine these cootpots at some length s The fractions ^ 

1 ^ JW have special names-aroi, i.U, araxA.n, «t,., iom, and 

mu^irM.' Any given fraction is usually expressed in terms of these and 

the approximation is taken to the nearest mundirai. ■gjjQii termed the 


kilmundirai ; there was the fraction immi equal to of a AilmundiTat. 
This shows that, where necessary, people used to calculate ^ X s^tj ^ 
of a unit. However, they generally stopped with the nearest 
Sub-multiples of immi are also mentioned. 

Io connection with the tables of weights and measures, we find the 
following table for gold 

2 graioe I pilavu. 

2 pilaTos ^ 1 kuodtiv 

2 kundris ^ I manjadi. 

20 maojadie - 1 kalanji (= § sovrToigo). 

2 kalaojis ^ 1 kaisa. 

4 kaisas ^ 1 palaiD. 

100 palams — L nirai. 

2 oiraie — 1 tulaio. 

32 lulams b I baram. 


This system is still io rogue in parts of thft Tinnevelly District. 
Partioulare about tbe weights of welUkuown subetnoces are added and are 
followed by other interrstiog approximatioDs. Thus wa are told that 


one measure of 

clay 

weighs 

17 palams 


sand 

M 

20 

it 

paddy 

9f 

6 

M 

rice 

if 

10 „ 

• 

»1 

salt 

a 

16 
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Again we read that 


one meafiore of til 


paddy 


rice 

peas (green) 

beaus 

pepper 


contains 195200 seeds, 


11 

14400 

99 

99 

39800 

99 

99 

14800 

99 

99 

1800 

99 

99 

12800 

99 




Further we learn that clear water weighs 12 palams per ineasure, 
ordinary water 13 palams, and sea water 17 palams. 

In Section (4), the author begins with the description of a water 
clock. According to him, a cylindrical basin 12 fingers in diameter, and 
5 in height will be emptied through a small hole at the bottom made with 
a nail of particular size at the rate of a fiqger length per naligai,^ 


Section (5; begins with the composition of the alloys in common use . 
8 parts by weight of copper and 2 of tin gires bronze; 74 of copper and 
3 of zinc gives brass and so on. 

Id (6), we have the following table of lengths 

8 anfls a 1 kadirelodu. 

8 kadireludus s 1 pancbitru. 

8 pancbitrus := 1 mayirmanai. 

8 mayirmunais s 1 sirumanal. 

8 sirumanals = 1 sirukadugu. 

8 sirukadugus — 1 ello. 

8 eilus s 1 arisi. 

8 arisis = 1 viral (finger). 

12 virals = 1 s'an. 

This gives an indication of the high degree of accuracy attained in 
the measurement of length. That measurements to this degree of accuracy 
were made, and that there were appliances to make them are matters of 
fact. We find in old medical books iescriptioos of very fine surgical 
instruments, even for the purpose of splitting the hair in two. 

We next meet with the following table of measures :— 

6 sevidus =: 1 olockku 

2 olockkus s 1 ulakku 

4 ulakkus s I measure. 

8 measures — I kuruni. 

4 kurunis ^ 1 tuni. 

3 tanis 1 knlsm. 


* The standards were reserved in the King’s palace. 
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The first and the last but one are out of use; the others are still 
used as units for measuring paddy in the Tamil districts. 

(8; gives Ihe table of time measure as follows :— 


2 kanuimais 

B 

l nodi. 

2 nodis 


1 mallirai. 

2 mallirais 

s 

1 guru. 

2 gurus 

ss 

1 uyir. 

6 uyirs 

— 

1 ksbanikaro. 

12 ksbanikams 

s 

1 vinadi (24"). 

60 vinadis 


1 naligai. 

1\ naligais 

s 

1 j<(mam. 

8 jamams 

s: 

1 day. 

30 days 

s 

1 month. 

12 inoDtbs 

s 

1 year. 


etc. 


Wa are given also the duration of the life of some animals. Tbnp, 
the life of man nr elephant Is tOO years ; that of cow or bullock is 20 ; 
of buff.ilo 30 ; ofciuiel 73. 

The following are given to be the military onite:—1 padati consists 
of 10 elephants, 3 chariots, 100 cavalry and 1000 infantry. 

82 padutis b 1 tandu. 

100 tandus = 1 akshohini. 


Here is an estimate of private property 


25 elephants b l ani. 

85 horses n 1 mottam. 


I divam. 


f 800 sheep, 80 bulls or cows 
\ and 80 buffaloes 


Coming to Section (ll), we 6nd the following formulm 5 — 


(i) the area of a trapezoidal field is given ae d, where a, 

b are the parallel sides and d is the distance between them ; (ii) the 
area of a circle is (^c) (id), where c is the circumference and is the 
diameter, (iiij circumference ie ^(8d), (iv) the area of a triangle is half 
the base into the altitude, &c. 

9 
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Later on, problems od the number of seedlings that cap be planted in 
a unit area and the amount of paddy harvested are practically solved by 
counting the grains in plants selected at four corners and centroi He 
gives also the ratio between the quantity of paddy, and rice that can be 
obtained from it as 16 to 7. 

In Section (13), we have examples on proportion, including questions 
on gold and gold qualities. 

Section (15), really deals with novel things. According to the author, 
the number of nuts in a ]ack fruit is to tbe number of tboros at the base 
of the stem as six to In the case of a pumpkin, be says, 

“ S/pQ/semseafi mrrfS 

(ipme^p uSaeS^lurr^ih 

which means that each section contains 135 seeds. This is followed by 
an interesting example. 

A milkman wbo usually took milk to a king was one day waylaid 
by tbe gate-keepers, 24 in number. Each took one measure of milk and 
replaced tbe same by a measure of water. Tbe king finding the milk 
tasteless fined tbe milkman Rs. 24, on which tbe real culprits were pointed 
out. R* quired the share of each gatekeeper in tbe fine.” 

Here is another:— 

Given three vessels of capacity 10, 7, 3 with tbe biggest fall of 
liquid, show how to divide, with these vessels only, tbe liquid into two 
equal parts.” 

There are also problems leading to simple equations and problems on 
gold alloys. 


This short account makes it evident that people in early times in 
India based their teaching on definite educational priciplee, viz ,; the 
correlation of mathematics to physics, and that of both to life. No 
qaestion in mathematics stripped of its settings and atility, was discussed. 



ThB knowledge was practical, though they had not a laboratory and con- 
yenionces to carry on elaborate eiperiments ; and whatever was taught to 
the Btudent was aeefni to him in life. The problems were not the dry 
questions of modern text-books. Most of them related to the actual 

surroundings of the student. 

An attempt baa been made in the preceding pages to show that very 
useful knowledge was imparted to the student before the advent of western 
education. The antbors from whom we have quoted make it clear that 
more elaborate works were in existence in their times. But of those other 
works w'e know very little. It must be our ambition to unearth as many 
of the earlier works in mathematics as possible. Very little in fact is 
known about Sanskrit works by authors like Bba^kara, Mahavira, etc. I 
appeal to all interested in the study of mathematics to try each in hie own 
way to find out and study as many works as be can discover, and build up 
a real history of Indian Mathematics.* 


* The reader is referred to the Proceediogs of the Beoeres Matbetoatical Society, 
Vol. II, Part II. for ao elaborate account of problume in higher matbematics dU* 
cusBcd by Bbaskara and Kamalakura. 
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SHORT NOTES: 

Some Criteria for Divisibility' 

Let y stand for the number to be testedt 

N' „ for the same with the nnits’ digit removed, 

a „ for the units’digit in ifT, 

d „ for the divisor (with two digits, say), 

6 „ for the digit in the ten’s place in d. 

Then the following simple Theorems are easily proved 

Theorem I. For all divisors d ending in uuityi 

(iV’ oh) s 0 (mod. d) 

Proof: iV == a + 10 iV', d = 1 + 106. 

{If-ah)-— - ah- - ^ - 

Heuce, if N is divisible by d, (N' ~ a6) is also divisible by d^ which 
proves the Theorem. 

Theorem II. For all divisors d ending in 3, 

W' + (36 + 1) o = 0 (mod. d) 

Proof: iV’ + (36 + 1) a = + (36 + 0 “ 

_ N 3ad 
10 ’ 

whence the result follows. 

Theorem Ill. For all divisors d ending in 7, 

A’ — (36 + 2) a = 0 (mod. d). 

Proof as before. 

Theorem IV* For all divisors ending in 9, 

N' + (6 + 1) a = 0 (mod. d) 

Proof as before, 

[N,B .—Cases where d ends in 2, 4, 5, 6, 8 are easily reduced to the 
above.] 

2. The utility of these Theorems may be illustrated by a few 
examples: 

Eg. 1.—Test for divisibility by 31 the number 107229, 

Here N' = 10722, a =■ 9. 6 = 3. in Tb. I. 

(N' — 3a) = 10722 — 27 = 10595 
which should be similarly tested. 
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Applying tbe earn© Tbeorem again, w6 get 

1069 — 15 = 1054, 

which baa to be tried. 

Bepeatiog the process 

105 — 12 = 93. 

9 — 9=0, 

which proves the diviaibility of A^by 31. 

Ex. 2.—Apply Theorem 11 to number »1786, the divisor being 43. 
Here tbe formula is 

(^' + I3fl) = 0 (mod. 43); 
and we arrange tbe wc-ik compactly as under: 


8178 

6 

78 

825 

6 

78 

90 

3 

39 

12 

9 



which proves the result. 

B», 8, H •= 1937, d OS 149. Here Tbeorem IV may be used. 


Thus 193 

7 

105 

29 

8 

120 

14 

9 



PBasA5NA K. Das. 
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Perpetual Calendar for Every Year of the Christian Era 

Dosigoed by 0- Ganapaii Aiyak, BA.,L.T., 

First Assistaot, Mudora Gullege, Madura. 


Directions for use. 


l. Id both styles, every year whose number is divisible by 4 is a 
Leap Year and is shown in red ink ; bnt in the New Style 1700,1800 and 
1900 are not leap years. 

[Note. —In Europe the last day of the Old Style was October 4, 
1582 (Thursday) and tdo next day wae declared the first day of the New 
Style October 15, 1582 (Friday). 

In England the last day of the Old Style was September 2, 1752 
(Wednesday) and the next day wae declared the first day of the New 
Style, September 14, 1752 (Thursday)]. 

2> From the Day of the Week below any given Month count as 
many steps to the right or left as the column containing the number of a 
given Year is to the right or left of the column containing the Century 
number of the Year; you will have the Week-Day of the Ist of that Month. 

To find the Week-day on the Ist of any Monl/t of a Year : 

The other days of the month can then be readily calculated. 


[Example 1. To find (he week-day of January Ut^ 1875. 

Here the century number ie 18 and the year number is 75 and both 
are in the same column, Therefore January let, 1875 was Friday. 

Example 2. The battle of Waterloo tr'f? fought on June 18th, 2815. 
What wae (he iveek-day of the battled 

The column containing the year number 15 is 2 steps to the right of 
the column containing the century number 18. Therefore June 1st, 1815 
fell on Thursday and consequently Jone 18tb was Sunday.] 
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SOLUTIONS. 

Qaestions S65 & 730. 

. (S. Kbisbnaswaui iTBNaAR)Shew that the locus of the ortbopoles 
of tangents to the maximum inscribed ellipse of a triangle is a straight line 
through the ortbo>ceotre. 

4 

Rematks by M. Bhimtisena Bao. 

Mr, N. Sankara Aijar, M.A., points out that the question is incorrect 
by showing that the orthopoles of two special tangents to the maximum 
inscribed ellipse, viz-^ Fenerbaob’s tangents, are not collinear with the 
ortho-centre. This will be evident from Question 328 in the Journal for 
October 1911, which states that the envelope of a line whose orthopole lies 
on a given line is a parabola. 

The cc-ordinates of the orthopole of + ry = 0 are 

(— p + q cos c-f COB B) ( —/> cos B cos C + q cos B + r cos C), etc, from 
Question 328 cited above. If rV s 0 touches the maximum 

inscribed ellipse, 

? + *+“ = 0 . 

P 9 f 

The correct locus is obtained by eliminating p, q, r from this equation 
and from 

( — ^ cosC + r cos B) ( — /cos B cos c + ^ cos 6 + r cos C) ^ 

ot 


0 y 

The following equations giving the oooordioates of the ortbopole of 
pa + + ty = 0 seem to be best suited to determine the locus of 

orthopoles of tangents to any inconic of the triangle of reference 

cos A. a + cos B. B + . = 0 (1) 

is the equation of the directrix of the parabola touching pa f ry =s 0 
and the sides of the triangle ; 

, (Li3^_ 

— p ^ CCS c + r cosB + *■* **■ ••• — 0 (2) 

is the equation of the pedal line of the point at infinitf on pcH’t'q$-{‘TymO. 

I 11 

If poL + + fY » 0 touches the inconic (ia)* + 

B3 0. We have 



• •• 


tv« 


(3) 
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Writing 5 cos B — y cos 0 = Sj, y cos 0 — * cos A 
a COB A — ^ coa B ea S 3 , (1) muy be written 


Sq, 




1 + IS - Os 

<; T 


and Erom (3), we at once obtain 

1 

_ 'p_ _ 

b'Sg CSj 
m n 


1 

7 


I 

r 


Sobetitatiog the ralues of /», r io (2), we get 
1 1 


h 

cH^ aSx 

C 

aS, is 

C 

1 

n 1 

_ i' 

/ m 

« 


S 


6^2 cS) 


m n 

1 \ 


coa B 


+ ... 


0 . 


aSi&S2 

I m 


on aimplifyiog by the use of the relation S, + S, + S, = 0, it ia found 
that both the numerator and denominator contain the common factor 
bel + cam + ai«, and the Incus may be written aa 


a (JL- !L\ 
Wi cSj 


_0. tn Cnd c , n CO 0 B 

8x ~sr' ^ “sr" 


••• "S 0* 




(4) 


This equation ia of the aiath degree and differa from equation (2) in 
having ~ written reapectively for p, q, r. 


15— 


Questions 681 and 681. 

(S. Ramanujan) Solve in integers »®+y*+8Sssu* 1 

Solve in integers «* + j/» + 2 * = 1. | ■ 

Additional Solu/ion and remarks by N. B. ^fitra. 

To solve io integers ** + + gs — «« 

Let w=tt«, then *' 

In the Journal of the lodian Mathematical Society, Vol. XlTI, pp 
17, four methods of obtaining solutions of the problem were given. 

A method of obtaining the general solution is given below •- 
fc-uler gave the general solution of (2) aa 
10 


('1 

( 2 ^ 
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K =(3afl + 36c—ad+3Bd)(d* + 3c*)—(a*+36*)*, 
y = (3ac—36c + ad + 36d)(d> + 3c*)+ (a* + 

3«(d*+3fa)a_(3ac + 36fi—ad+36d) (a*+36*), 

V = (d*+3ca)*+ (3flc—36c+nd + 3&dJ^ (a» + 36®). 

Since (2) is homogeneous in x, y, z, v, it ie evident that if any values 
X yt z, V satisfy it, then kx, ky, Tcz, kv will also satisfy it, where k is any 
quantity whatever, not necessarily integral. 

Put a‘ + 36»=2J, d2+3c> = j?. v=3(ac+6d)+(36fl—ad), 

s — “3(ac*t-&d) + (SBr——dfl). 

Then kxtsqs—ip*, ky=pZ—qr, 1cz=q^—ps, 

and kv=q^—pr. 

Now from (3), 

pq = (aa + 36 i) (d* + 3c*) = (— ad + Sbc)* + 3{ac + 6d)* 

3p2 = r* + « + s* ... ... ... ... (5) 

Hence (4) and 4' constitute the general solution of (2) in terms of 
4 parameters p, q, r, s connected by the relation (5) and a 6fth one i. 

From (4)', (q*—pr=^u'). ... ... (6) 

Prom (5), (25+rj*=3(4y9—r*). 

so that 2y+r is a multiple of 3; let 2e+rssSi. ... ... (7) 

4p9 = r* 3^a. ... ... (g) 

Hecce (4), (6), (7) and (8) constitute the general solution of (1), 

Now it is known that factors of numbers of the form + 3 <a can 
only be of the form 3"/^N, where m is o or l./is any integer and N is 
entirely composed of factors which are nil primes (includiog 1) of the form 

6n + !• 

Hence p and q must both be of this form, ... ... (Q-) 

To solvo (8), therefore, give any suitable values to p and q consistent 
with (a) and find r and t. Then (7) gives s. Substituting the values of 
p, 9 and r in (6), we got k and «. Tuen from (4) we get x, y, z. It is to 
be observed that p and q mast be positive but r and s may be either posi* 
tive or negative. (8) shows that they musi, be either both odd or both 
even. 

I/, is understood that if k is not of thi^ form l/m, where m is an 
integer, we may have to replace x. y. z, u by n*x, n'^y, n^z, nil (where n 
has a suitable value) in order to get an integral solution. 




... (3) 
... (4) 

... ( 4 ') 
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Ex. Take jj — 7, </ = 1. 

Then r*+ 3/*=28, giviog t=± 1, (=■ ±3 ; or r=±6, ( = 

Taking r=sl, we have ftom (7), flsa4 or --5; and from (6) A«*=—6, 
BO that we may take 3/2, us2. 

®s30 or 36; y=—32, z = l« or —24, which give 

98 _ 8® — 6* * 1® ... («) 

and 30> — 32* + IS"* = 2“ ... ... (il) 

Taking rss —1, we have f =5 or —4 and whence us=2. 

Hence a:=—22 or —53/2, y=25. 3=—17 or 29/2, giving 

— 228 ^ 25* — 17* = 2* ... ... (iii) 

and - 106* + 100* + 58* = 4«. ... (iv) 

Taking r=5, we get «=—2 or — 3 and fc«*= — 34, eo that we may 
take 4: = —2/17, m= 17, whence *=425, 901/2; y =—374;e«»—68, 
— 493/2. 

Hence 425* — 374'^ — 68» = 17' ... (v) 

and 18U2*—1496*—986*=34'. ... (vi) 

Lastly, taking res—o, we have s = 4 or 1; ku,'^ — 36, whence ^ s 1, 
» = 6 « 

® = — 45, — 48 ; y =s 64; z ss — 27. — C, giving 

— 5* + 6" — 2 * = 2' ... ... (vii) 

and — 48" + 51* — 6* = O'. ... (viii) 

Thus this one aesumptioo o! the values of p and q gives eight solu* 

tiODB. 


Similarly jisa 1, 5=s3 will give the following six Bolutions . 


8 * + 1 * + 6 * « 3 ' 

— 10* + 1® + 18* = 3" 

— 6 * _ 48 * + 648 _ 

— 16* — 12* + 18* = 3* 

— 3* + 30* + 27* = 6' 
24* + 30* + 18* =: 6'. 


... (ix) 

... (x) 

... (xi) 
... '(xii) 
... (xiii) 
... (xiv) 


It remains to show that (4), (6), (7) & (8) constitute the general solu- 
tioDof(l), (exclusive of trivial eolutions). For this purpose it is suffi¬ 
cient to show how to determine p, 9, r, 5, t and k when x, y, z, u are 

respectively replaced by n’y, and where a;, y, z and u are any 
giyeo aet of values satisfying (1). 
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From (4) and (6), we have 


*:(« + «/) = ^(fi — r) and — s) = p{s — r), 

.*• p/(*** — 2) = 9 /x[ + y)=A. suppose, 

80 that p = \(«* — z) and 9 = + y), (9) 

Also from (4) and (6), — py) = q^ — j?®. Substituting from 

(9) for p and 9, 


u^(« + y)--p(tt^^ 


f •• 


• 88 


( 10 ) 


Here the numerator on the right is homogeneous of degree 2 in a;, 
z, u* and the denominator of degree 3. Hence (10) will be satisfied by 
x = l, if we replace a, y, z, by n’^y, n^z, nu and determine n suita¬ 
bly. 


Equation (9) will then become p=(u^ —z)n*, g—{x + y)n^. Thus p 
and 9 are determined. Similarly, substituting these multiples of x, y, z, 
in (4). we get linear equations to determine r, z, and 1; and then (7) affords 
the value of t. 


We have now to show that (8) is satisfied. Substituting in (1), the 
values of x, y, z, u obtained from (4) and (6), we get 

{ (28—p*}* + (p*—20® + ($’“-/’«)*—( 5 ^—K)* } /^=0 
or (p*—9*1 (r—j) (r^-f-rs + s* — 3p2> = 0, provided l/k =2ip 0, 

which obviously is the case except for the solution x = y=zssusiO, 

If p=2, then x=—Zt y^u ^} if r“s, then « =—1|» « = *<•• 

Hence except in the case of trivial solutions, equation (6) and therefore 
equation (8) is satisfied. 

Thus (4), (6), (7) and (8) afford the general eolation of (1), 

IN.B .—The one parameter solution (ii) given on p. 15, J. L M. S.i 
Vol. Xlllt may obviously be changed into a two parameter one. Thus 

a = — 6A* + 20kH + 88in* — 216fti'' — 121* 
y = 6A-* — iQkH -1- 8^»1» — 32kf' + 1841* 

^ * = — 3Jb* — 20^*1 + I361;’l* — mi* — 148/* 

„ « 2A“ — 4ftl + 61*-]. 

The above investigation affords a tentative method of eolviug the equa¬ 
tion a® + V® + (Question No. 681 by Ramanujan). 

For, putting « s= 1, we get from (6), k ^ — pr and from (4) 


9* — pr 




X 



V 
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1C these values are iotegral, we have a solatioD of the proposed equa* 
tion. In particnlar, if we take r = 0, 5 = I, we get from (8), « 3/* 

and from (7), 2s = 3l and from (6) t = 1. 

. 3t 

® “ 2 16 ’^^16’ * “ r* 

or writing 2/ for t, we have x s 3^ (I — y => «s=l — 9i® which 
is the solution given in J. I. M, S.^ Vol. Xlll, p. 15. 


Question 993. 

(CoMMDNiCATED BY Prof. Hbmbaj) From a point P perpendiculars 
PL, PM, PN are drawn to the sides of a triangle ABO. If AL, BM, CN 
meet at a point Q, 6nd the locua of P and prove that FQ passes through a 
fixed point. 

Solutions by Prof, K B. Miira, J/,A., and Mr. L, N. Subramaniam, 
and ' partial ’ Solution by Mr. Sadanand. 

[This question is substantiilly the same as Question 340 and is solved 
on page 225| Vol. VI of the Joarnal.] 


Question 1144 

(K, J, Sanjana, M.A.) Show that 
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la\ 1 I a. . P _i. o* lai . 

' ' liO 13«. 4« ^ 6®. 6® ^ ioTT* + + • 00 j 

= X* — 9 • 8U. 


(The value of R. H. S. is lees than -002938). 


A 


19 46 . 79 118 


1 ... 


+ ... 00 


} 


4* 6® . 5* ^ Id® . 6® ■ iTTr* 

= 9*878 — TT*. 

(The value of R.H.S. is lees than *009285). 

Solution by K. Satyanarayana. 

(a) By the method of differences, 

T'* I 204-27 (k — l) + 5 ( « — 1) (re—2) ^ 

*■ ^ 3+3 (« - 1 ) + } 
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8 
2 b 


5n8 + 12fi + 3 


(«+!)’ {ft + ay (n+3)* 

_ 8 f — V * — 1 


20 Ini-i ^ (« + l)* 


6 


(«+!/ (« + 2) («+2) 




8 

a 


5t 

*5 


3)»} 


(n-^2)* (« + iJ) 

by the ordinary method o£ partial fractiocB, 


/. T 


8 (=1^ + 

20 I «+l 


V 


n + 2 


8 _ 1 1 

? + _4. . ^ - 

„ + (« + 2)» 
8 


9 1_» 1 ■> 

+ _ + _i_ t 

(n+l)* (ni-2y C«+3)*J 
From which the sum to oo is seen to be 


= 62 ^ - 9‘86 = 


9'86. 


_ 1 C i 19 + 27 (n — 1) + 3(fi — 1) (« — 2) ■) 

(6) Similarly T» = 4. ^ T). („ a)> (n + 3)* J 


4 

25 


3w^ + 18n — 2 _ 
(«+!)=* l«+‘V («'f3) 


.r r. _ir V J. ^ —V . — V > 

" ^ln + 1 »+3 («+3)i J 

1 

3)*) 


V 

Tbbln+1 


- L^.f-s-. + 


^.+ --4^ 

n + 2 /r+ 3 


_ rj* 


_ 1P4 


_ - _ V- _ -- — V 

^ . :z _i + ^ + —X 

. («+2)“ (»+3) 


Hence sum 


s,{ j I ^ * T (a 


= 9'878 - 6^ ^. = 


*«« » 


Taking tt* * 9'86960l'100& 

K.H.S. in (a) = •0029378008...i. c. < -002938, 
R. H. S. in (6) = •0092844880.,./. e. < ‘009286. 
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QUESTIONS FOR SOLUTION. 

1219. (F. H. V. GDLASBKHiRASi) If d is the leoRth of the 
diameter of the pedal cirole of a pair of ipogonal points P, P' w. r. t, a 
triangle ABC. and i,t' the lengths of the tangents from P, P' to the polar 

circle of ABO, prove 

- <» + 


1220. (R. VAiDYANAxnASWAMi)Shew that the necessary and 
suflicieDt condiiioQ that each of two given quadrics P, Q reciprocates the 
other into itself, is that th« determinant 1 P + Q j has only linear 
invariants-factors and only 'wo distioct chaiacterieiic roots, where P, Q 
denote the determinants of the cotfRcients of the two quadrics. 

As a particular case, shew that two quadrics in three dimensions, 
which are each its own reciprocal the other, must either have ring* 

contact or four common generators. 

1221. (R. Vaidyanatqa^wami) :—If 2” = /«., shew that, in space 
of « dimeosioDs, there exist, associated with each quadric Qj, sets of 

— 1 other quadrics Q, Qj . • Q/i b.mng the following properties ; 

(1) Any two quadrics of a set Q, Qg . . are, each its own 
reciprocal the other. 


(2) Any two quadrics of a set touch at ail their commoo points, and 
their locus of contact splits into two distinct quadric loci lying respectively 
in two flat sub^rcgioos of r and (n — r — 1) dimensions. This includes 
r = 0 as a possible case ; when r = 0 the two quadrics touch along a 
single quadric lying io a sub-region of n — 1 dimensions. 


(3) All (he quadrics ^ Qg.have a common self-polar set 

of » -I- 1 points; and any other quadric Q having the same self-polar set 
is reoiptocattd by eacrh of the quadrics into the same quadric 

(4) The pencil (xQr 1 Q, possesses only two distinct cooes ; if these 

are + Q. and AjQ,. Q„ then each of the quadrics Q,., recipro¬ 

cate + Q, into k‘ Q, + Q, where (ax', Aj) is a harmonic 
range. Further a^ 4* must be equal to zero, 

1222. (A. Krisunaswami Aitangar) If (I + a.^) =« 
(I + fls) = a„ - j (1 + On) s= On (I -b Oj), prove that each 


18 


equal to — i aec 


r TT 
n 


where r may take any value from 1 


to 



if n is even, or any value from I to ^_ 

2 


when n is odd. 


1223. (A. A. Krishnaswami Aiyakoab) Prove that the orthoptic 

locus of the first negative ped.al of an ellip -e with respect to any point on its 
circumference is a similar ellipse. 
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